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ABSTRACT 

Three possible performance measures in compound- 
j Poisson demand inventory systems can be used to 

describe the availability of stock to a customer, 
|  • Simple relationship between these three avail- 
1 abilities arc derived under general assumptions 

about the inventory process. 



ON AVAILABILITY IN COMPOUND-POISSON 
DEMAND INVENTORY SYSTEMS 

by 

William S.   Jewell 

Conslicr a  single-item  inventory system in which  the demand  is compound- 

Poisson.     There art  three possible performance measures which might be used  to 

describe  the availability of  stock to a customer: 

1. a    ,  the temporal availability,   is the  (long-run)  fraction of  time  that 

the Inventory  is positive;  and 

2. a    , the item availability,  is the fraction of total demand which can be 

filled  immediately from stock  (or can ever be filled,  if back ordering  is 

not allowed). 

3. a,   ,  the batch availability,  is  the fraction of batch orders which can 

be filJcd completely and  immediately from stock  (or can ever be filled). 

In qucueing  terminology,   tin    first two might also be called the virtual and actual 

availabilities,  respectively.     Professor  E. A.   Silver suggested  to the author  that 

there might be a simple relationship between these first two measures, and 

[3] independently derived Equation  (10)  under special assumptions      ,    The purpose of 

this note  is tu develop simple  relationships between all  three availabilities under 

quite general assumptions about   the nature of  the  inventory system. 

To fix notation,   let  the  Poisson batch demand parameter be    \      batches/day, 

and  let    v    be the random batch order size, with: 

(1) Pj - P{v - j} (j  - 1,2,3)   ; 

we assume  the first two momonts,     E{v}    and    V{v}   ,  are finite.    Then total item 

ordrT dcKiand flows  in at an average rate 

(2) X ' \ E{v} items/day. 

■•' ■~~,**ikxa**'* 
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Consider a typical realization of the stock level of the inveatory system shown 

in Figure 1.  The nth cyalc  begins just after the nth replenishment when, the date 

of the  C:-J£-'/ is v  J the current cy]ce lasts an interval     X     , until the next 
^     "        n n 

replenishment to state x , •  During this interval, the compound Poisson dcimnuls 
nt J " 

deplete  the stock level,  until   (possibly)  some order causes   the  stock level   to  "umier 

shoot"  the  zero  level by a defiaitj      6     .     Further demands may  cause  the  inventory 

position     to  further dograJe   to a  negative  level,     -e     ,   before  the arrival  of  a 

replenishment   lot,     E,     ,  concludes   thiv  cycle;   the total shoi-tagc  intevval  is    0 

(In  the  event  that  phybical   backlog  is not allowed,   the negative stock levels   in 

Figure  1  refei   to ordors wliich are  never  filled,     f       is  interpreted as  the actual c. n 

phy.-.ical   reorder quantity plus     t     ,   the  total  lost  sales  for  that  cycle.] 

The  onJ'-    i.;sumption we  shall  make  about  the  inventory  operating policy,   including 

ordering mechanisms,  safety  stock,   filling priority,  multiple and/or emergency 

replenishments,   etc.,  etc.   is  that  the sto^iasiio pvojess,   state of the system,  is a 

Mat-kji.%~i\'-neWai   ii\:aess}   i.e.,   the nontimc-varying conditional probabilities 

(3)      P{xn+1 = y  ;  ^ ^ q  ;   ^ = e  ;   6n = d ;  an . s  ;  Tn =  t   |   xn - x} 

are  sufficient   to determine  the evolution of  the system,  or.ee  the  initial state  is 

known.     The generality of  this assumption can be appreciated when we emphasize  that 
j 

X     ,   tne  state  of  the system at  the  beginning of  the nth cycle,  may Include not only t 

the physical  inventory  level,  but various supplementary variablest   such as the 

current distributions of  times-of-arrival and sizes of outstanding replenishments. 
i 

Naturally,  we  require  that  a  stationary distribution of  the process  exist.     A 

noressnry cundition for   this  to occur,   back orders or not,   is: 

(AJ EU)  =  XE{T}   . 

(U'e drop sub« . i ipls for an arbitrary cycle, and take all expectations using the 

transition pri'liahili ties (3) and the appropriate stationary probabilities.)  For 

ccnivcnienc».' in the sequel, we assume F.{T} is finite. 

.^MiKM^MMaM 
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Stock Level 

under slioot order 

.n      /OUT-OF-STOCK 

FIGURE  1:     TYPICAL REALIZATION OF STOCK LEVEL FOR GENERAL 
INVENTORY SYSTEM WITH COKPOUND-POISSON DEMAND 
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By considering    o    as  a ciciulaiivc renewal function over the Markov-renewal 

process   [2], we may use a generalized form of the Renewal Theorem to find,  for 

example,   the  limiting cumulative  average rate at which  shortage  (out-of-stock) 

intervals  are accumulated. 

/CN       . .     E{Cumulativc  total  of shortage intervals  in horizon     (O.t])      E{o} 
(5) Lim ^ = YW)   ' 

Here    E{o}    includes those  cycles  in which    o = 0  .     Since   (5)  is just the  fraction 

of  time  the inventory is noupositive,   the temporal availability is: 

(6) at "  1 " EÜT ' 

Finding these expectations, however, m.iy be a formidable task in an inventory 

system of an> reasonable complexity. 

Similar rcmnrks apply to,  e  , the. items in any cycle which are not filled 

Immediately (or are never filled). 

(T\       T 4     E{Cumulative number of items not filled immediately in horizon  (O.t]} 

f*co t 

iki 
" E{T} ' 

Since items are demanded at rate X , it follows that item availability is: 

r-n i   E{E} 
(3) ai " 1 - IE{T} • 

Because the demand is compound Poisson, we note that 

(9) E{E} - E{6} + XE{o} . 

As before, expectations include those cycles where 6 , e , and/or a are zero. 

Using (A), (6) and (8), the item availability is: 



/im E{6}       E{6} 

Assuming one of the availabilities is known, the problem then reduces to finding 

the fraction:  (average deficit per cycle/average replenishment quantity). 

For batch availability, we use similar arguments to find: 

, .  E(CumulaLive number of batches not filled immediately in horizon  (CKt]} 
lim ' i—,—t_ 

(11) 
P{6 > 1} + X E{a} 

o 
E{T} 

But since baLclie.-. are deiu.nicled at avernge rate X  , we find: 
o 

We recognize  the correctioii term as the fraction  (probability a batch is "broken" 

per  cycle/avct .ige  number of batches  {i   i   leplenishment). 

We note  trivially  thai if we have unit order size,     6 ■ 0    always,  and  (10) 

and   (12)  simplify  to: 

(13) »t " ai - %  • 

which checks with known results for simple Poisson-demand inventory models. 

More generally, the problem of determining the distribution of  6 , given the 

inventory level at the beginning of the cycle, is similar to that of determining 

a.i origbi-J 'i^Klf >:t e.v.'^j distribution   (see, for example [1]) in the renewal 

theory, where the order-size distribution,  {p } , corresponds to a discrete 

inler-event distribution. This excess distribution must then be weighted by the 

ftulonary di&Lrihution uf the maximum stock-level (the "origin"). 

In most practical applications, however,  v assumes a large number of 

different valuea, anc. either EU - t)  >> E{v}  , or the distribution of highest 

'«ii.i.irtiii»"'' 
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inventory level is fairly well "smeared out" over a range of states large compared 

to E{v} . Under this condition, it is reasonable to assume that the distribution 

of 6 , given that a stock-out occurs, is just the equilibrium excess distribution 

correspondini;  to     {p   }   ,   i.e., 

00 

(14) P{6 = j   |  stock-out} = 7rr-r      I      p. (j - 0,1,2,   ...)   . 
fclW  i-j+1    1 

Let    TT      be the probability that a stock-out occurs in an arbitrary  cycle, 

Then 

(15) E{6} = *0[E^}(^-y^) - Hj  , 

and 

UO) ..,, > 1} . ^[£1^]    . 

where 

(17) k2 = V{v}/lE{v}]2 

is the coefficient of variation of order size.     (15) and (16) may then be used to 

simplify  (10)  and   (12)   so that we have,  finally: 

MON !o    fENHk2 + 1)  - ll 
(18) ai = at - EÜT L      2-^ J 

IT 

(19) ab " "t ' Tu)   [E{v} - l3 • 

if 

C.'U) k2 >  1 -  (EU})'1 

then     a.   < a.    .    Of course     i,   < a^    and    a,    <  a      always, ib i—    t b—    t J 

\ 



Since a  will usually be monotone in the decision variables of the system 

[say, average replenishment lot size], as will -tf /£{£} , it follows that 
o 

o      and    a      will also be monotone.    Thus,  for comparison of operating policies, 

there seems to be little difference as  to whether  temporal,   item or batch 

availability is used  to measure system performance.    However,  in practical 

situations,  the correction terms  in (18) and   (19) may be significant  [3]. 

Finally,  we note  that all of   these results apply to performance measures 

calculated  when piit.5ipg below any  arbitrary stock level. 

I would like to thank E. A.   Silver for his comments on the  first draft. 



f 1 

I 
i 

REFERENCES 

tl]     Jewell,  W.   S.,  "The  Properties of  Recurrent-Event Processes." Oporations 
Research,  Vol.   8,  No.  4,  pp.   446-472,   (July-August 196Ü). 

[2]     Jewpll,  W.   S.,  "Markov-Renewal Programming  I  and  II." Operations  Research, 
Vol.   11,  No.   6,  pp.   938-971,   (November-Ueccinber 1963). 

[3]     Silver,   E.  A.,  "Some Results in  the  Inventory Control of  Items with Erratic 
Demand  Patterns,"  talk presentod at CORS Conference, Montreal, 
(June 3,  1969). 

1 



Unclassified 
S<i unis   CI.i-.Mfi' .■"i -n 

DOCUMENT CONTROL DATA R&D 
W   :irtt\   . /.■ ^ \t tu .if i »n c/ titlL-    h.'.l*   at rttsff.H t tint tttett'ttiit' .»'in ,f.(fjMn n.nsf /*(* enfirri/ * hin  tti • v vvnttt ft'piif* is rl.^tlu ./l 

(S .'.  ' 1 NO    * i.   T ) V I T *   , i. iirtmr.ttf  uilf'.iir) 

University of California, Berkeley 

^•.FlM'ORT Sf.CUMIV Cl *«il» (ft* t It-M 

Unclassified 
ib.   OfiOW 

^    S'PO'. '    IMLl 

ON AVAILABILITY  IN COMPOUND-POISSON DEMAND  INVENTORY  SYSTEMS 

4   ursc^i^Mivr NOTES (Typr ot rrpvtt ^ndtincltisivv d>itc*) 

Research Report 
AU THOftiSi ^ (fif mim«, midtH* initial, Ittst fiemc) 

William S.   Jewell 

May  1969 
la.    TOTAL   NO     OF   PACES 

8 
7b.   NO    O^'  Rt^S 

3 
f'i      C ON  Tt,AC   T    C^   &HANT   UO 

DA-31-124-ARO-D-331 
ft    PHOJtC T   NO 

200U501B14C 

9a.   ORIGINATOR'S  HKPORT   NOMOLHO» 

ORC 69-13 

c 

d. 

»fc. OTHE« REPORT NO(5l (Any other number» that mjy be m*Mi$n*it 
thi» report) 

10   UIST HI DUTIC. STATI:M£NT 

This document has bten approved  for  public   release and sale;   its distribution is 
unlimited. 

M su.. LLMENIAHV NOTts   Also supported  by  the 

Office of Naval  Research under Contract 
Nonr-222(83)  and  rhc National  Science 
Foundation under Grant GK-1684. 

M     $f ONJOfCINC MILI T ARV    ACTIVITY 

U.S. Army Research Office-Durham 
Box CM, Duke Station 
Durham, North Carolina 27706 

i     AUSTHACT 

SEE ABSTRACT. 

DD/rJ473   (PAGEn 

S/N  0101-807-6811 

Unclassified 
Security Ctassifirution 

A-3140a 



Unclassified 
Siv.rüv ("trisstf»« Jlitm 

K t v   ».ono J 
»OLE «rT 

Inventory 

Compound-Poisson Demand 

Markov Renewal Processes 

Stock-Out 

DD /rJ473 (BACK) 
S/N   01 01 • 10 7.61!; | 

Unclassified 
Security Classific.ition »•31<09 


